Quantum sensing exploits fundamental features of quantum system to achieve highly efficient measurement of physical quantities. Here, we propose a strategy to realize a single-qubit pseudo-Hermitian sensor from a dilated two-qubit Hermitian system. The pseudo-Hermitian sensor exhibits divergent susceptibility in dynamical evolution that does not necessarily involve exceptional point. We demonstrate its potential advantages to overcome noises that cannot be averaged out by repetitive measurements. The proposal is feasible with the state-of-art experimental capability in a variety of qubit systems, and represents a step towards the application of non-Hermitian physics in quantum sensing.
Quantum sensing exploits fundamental features of quantum system to achieve highly efficient measurement of physical quantities. Here, we propose a strategy to realize a single-qubit pseudo-Hermitian sensor from a dilated two-qubit Hermitian system. The pseudo-Hermitian sensor exhibits divergent susceptibility in dynamical evolution that does not necessarily involve exceptional point. We demonstrate its potential advantages to overcome noises that cannot be averaged out by repetitive measurements. The proposal is feasible with the state-of-art experimental capability in a variety of qubit systems, and represents a step towards the application of non-Hermitian physics in quantum sensing.
Introduction.-Non-Hermitian Hamiltonians usually have complex energy eigenvalues and do not conserve probabilities, thus presumably only serve as phenomenological descriptions of open quantum system [1, 2] . Remarkably, a non-Hermitian Hamiltonian H with an exact PT -symmetry [3] [4] [5] and more general pseudo-Hermiticity (i.e. ηH = H † η with a Hermitian invertible linear operator η) [6] [7] [8] [9] can have real spectrum. The discovery has opened a new avenue to intriguing non-Hermitian physics in both classical and quantum systems [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . In particular, the concepts of exceptional point [25] [26] [27] and PT -phase transition [28, 29] lead to important experimental observations such as single-mode lasers [30, 31] , non-reciprocal light transport [32, 33] , non-Hermitian topological light steering [34] , asymmetric mode switching [35] and topological energy transfer [36] when encircling an exceptional point.
Among a number of important applications, enhancing the sensitivity of energy splitting detection by using exceptional points attracts increasingly intensive theoretical interest [37] [38] [39] [40] [41] [42] . The unique feature of exceptional point based sensing is the divergent eigenvalue susceptibility arising from the square-root frequency topology around exceptional points [27] . Exceptional point based sensing has been demonstrated in PT -symmetric linear coupled-mode optic systems, with potential applications for single-particle detection [43, 44] and optical gyroscope [45] . Nevertheless, the singular behavior of the energy splitting is counteracted by the eigenstate coalescence [46] [47] [48] . Quantum sensing based on non-Hermitian qubit system without involving exceptional points and its potential advantages remain largely unexplored.
In this work, we propose a novel strategy to harness a qubit probe with pseudo-Hermiticity as a resource for quantum sensing by introducing an additional qubit ancilla [49] [50] [51] [52] . The dilated two-qubit Hermitian system, when exposed to a parameter-dependent weak field, reproduces an effective pseudo-Hermitian qubit sensor by postselection, inheriting the influence of the parameter. The eigenstate coalescence without involving exceptional point induces divergent susceptibility in the normalized population of the pseudo-Hermitian qubit sensor, which offers advantages for quantum sensing under realistic noises that cannot be averaged out by repetitive measurements [53] [54] [55] [56] [57] . The experiment demonstration is feasible in trapped-ion systems and other physical systems.
Initialization
Evolution Measurement
The quantum circuit representation of our pseudo-Hermitian quantum sensing protocol. Y (θ) denotes a rotation of the ancilla qubit aroundŷ axis by an angle θ to prepare the initial state of the two-qubit dilated system. The two-qubit dilation system evolves under the Hamiltonian Htot. The effective dynamics of the sensor system conditioned on the postselection measurement of the ancilla qubit is described by an effective pseudo-Hermitian Hamiltonian Hs(δ λ ). The outcome of the measurement on the sensor system reveals the information about the parameter λ. The coalescence of the pseudo-Hermitian Hs(δ λ ) provides an advantageous resource for quantum sensing.
Basic principle.-While our proposal is completely general for a generic pseudo-Hermitian Hamiltonian with eigenstate coalescence [58] , we start from a simple twolevel system with a pseudo-Hermitian Hamiltonian that is described as
with real eigenvalues ±E. The associated eigenstates |φ ± ∝ |0 ± δ|1 symmetrically coalesce to |0 as |δ| → 0.
The above non-Hermitian Hamiltonian cannot be directly realized in a closed quantum system [52, 59] . In order to achieve an effective pseudo-Hermitian quantum arXiv:1910.06553v1 [quant-ph] 15 Oct 2019 system satisfying the following Schrödinger equation
we adopt a Naimark dilation approach [20, 22, 52] using an extended Hermitian system. The evolution of the total system (including the system s and the ancilla qubit a) |Ψ(t) = |0 a ⊗ |ψ(t) s + |1 a ⊗ |χ(t) s follows a dilated Hamiltonian H [58] . The Naimark dilation approach implements a map M : H → H s , which realizes an effective pseudo-Hermitian dynamics |ψ(t) s of the system s conditioned on the ancilla qubit state |0 a from a two-qubit Hermitian Hamiltonian [50] . We note that |χ(t) s = η|ψ(t) s with η a positive Hermitian operator fulfilling the condition (η 2 + 1)H s = H † s (η 2 + 1) to guarantee the Hermiticity of the dilated Hamiltonian H.
Our protocol uses a two-qubit dilated Hermitian system to construct a pseudo-Hermitian quantum probe. The main idea is represented by a quantum circuit in Fig.1 . Without loss of generality, we consider the detection of a weak field acting on the sensor system that is described in the form of V s = λσ (s)
x , where λ is the parameter to be estimated. The full two-qubit dilated system is described by the following total Hamiltonian as
, which is the effective Hamiltonian of the pseudo-Hermitian sensor in Eq.(1). As an example to demonstrate the essential idea of our proposal, we choose δ = ε/(1 + ε) and E = 2ω ε(1 + ε), and write the Hamiltonian Eq.(1) in the following familiar form
In the presence of an external weak field λ, we follow the Naimark dilation approach to derive the effective Hamiltonian for the system. By defining b λ = 4ωε
where κ is a parameter depending on the initial condition [58] . For simplicity, we choose the parameter κ = δ, and the dilated two-qubit system is initialized in the state |Ψ(0) ∝ (|0 a + δ|1 a ) ⊗ |0 s by a rotation of the ancilla qubit aroundŷ axis by an angle θ = 2 arcsin(δ/ √ 1 + δ 2 ) which is denoted as Y (θ), see Fig.1 . In this case, the effective Hamiltonian governing the dynamics of the sensor system's state |ψ(t) s is found to be H s (δ λ ) = M (H tot ) [58] with the eigenvalues ±E λ , wherein It can be seen that the effective pseudo-Hermitian Hamiltonian incorporates the influence of the parameter λ that is to be estimated. After an evolution time t, the state of the sensor system becomes
with the eigenvectors |φ ± (λ) s = |0 s ± δ λ |1 s . We calculate the exact expression for the normalized population in the state |0 s of the pseudo-Hermitian sensor system, conditioned on the ancilla qubit state |0 a as follows
with D λ = δ 2 λ and Φ λ,t = E λ t. It can be seen that when Φ λ,t π/2, S| D λ =0 = 1, while a small non-zero value of D λ will result in a significant change of S| 0<D λ 1 → 0. Thus, the population signal in Eq.(7) would be quite sensitive to the parameter λ when 0 < D λ 1 and Φ λ,t π/2, which can be viewed as a parametric analog of subwavelength "dark state" optical potentials [60, 61] . Therefore, the system can serve as an efficient sensor for the determination of the parameter λ.
Divergent feature of susceptibility.-The most remarkable feature of the normalized state population S(λ, t) is that it shows ultra-sharp dips if the eigenstates |φ ± s nearly coalesce with each other (namely 0 < D λ 1). Such an observation is verified in Fig.2 , in which the population S(λ, t) exhibits sharp dips with a narrow width ∆t = 2 √ D λ /E λ when the evolution time t = t j nearly satisfying the condition Φ j = E λ t j = (j −1/2)π (j ∈ Z + ). Both the location t j and the width ∆t of the dip depend on the parameter λ as (∂t j /∂λ)/∆t ∼ ε −1 ω −1 and (∂∆t/∂λ)/∆t ∼ ε −3/2 ω −1 for the measurement working point λ/ω + 2ε ∼ ε 3/2 [58] , which implies that a slight change of λ can result in prominent dip shift and narrowing (or broadening) as compared to the dip width itself. Therefore, one can expect that S(λ, t) would become extremely sensitive to the parameter λ if the evolution time is set close to t j (λ 0 ), where λ 0 represents an approximate value of the parameter λ.
As an illustrative example, we set the evolution time as τ = π/4ω ε(1 + ε) and thus S(λ, τ )| λ=0 = 0. When λ = −2εω, the two eigenvectors coalesce to |0 s , δ λ = 0 making the spin always stay in the state |0 s , namely S(λ, τ )| λ=−2εω = 1. To obtain the explicit form for the peak width ∆λ, we consider the regime in which |(λ/εω) + 2| ≤ 2, and get the following result up to the second-order of (λ/εω) + 2 as
with α = (1/8)(λ/εω) 2 − (λ/εω). From this approximate formula, it is straightforward to find that the peak width is ∆λ 3πε 3/2 ω. In addition, we can also derive the susceptibility χ λ = ∂S/∂λ, which indicates how sensitive the population S(λ, τ ) would response to the change of the parameter λ under a given evolution time τ . Detailed calculations show that when λ = λ o which satisfies λ o /ω + 2ε = 2.72ε 3/2 , the maximum susceptibility |χ λ | max 0.14ε −3/2 ω −1 ∼ ε −1 E −1 is obtained [58] , exhibiting divergent behavior for an infinitesimal ε. Note that the divergent feature may appear far away from an exceptional point when the energy splitting (∼ E) is a constant finite value. We remark that λ = λ o represents the optimal measurement working point for the estimation of the parameter λ.
Analysis of sensing performance.-The experimental realization of a pseudo-Hermitian qubit sensor relies on the conditional evolution in a dilated Hermitian quantum system [20, 22, 52] . This approach results in a finite success probability γ(λ o , τ ) (7.4 − 10.4 √ ε)ε 2 [58] , which equals to the probability of the ancilla qubit in the state |0 a , see Fig.1 . As expected, there is a trade-off between the enhanced susceptibility and the decreased success probability when setting ε 1. We investigate this trade-off by invoking the quantum Fisher information (QFI) analysis. The normalized state of the pseudo-Hermitian sensor is
In an experiment involving N experiment runs, the QFI for all successful measurements is found to be I(λ) = . In the proximity of the peak, the approximation of the state population in Eq.(8) (green) allows us to derive the peak width ∆λ 3πε 3/2 ω. (b) The peak width as a function of the parameter ε, becomes ultra-sharp as ε → 0. The full peak width ∆λ = ∆λ+ + λ− (orange dots) is obtained by numerically solving S(λm + ∆λ+) = S(λm − ∆λ−) = 1/2, which is well fitted by ∆λ = 3πε 3/2 ω (red dashed). (c) The susceptibility reaches the maximum value |χs(λ)| max 0.14ε −3/2 ω −1 which serves as the optimal measurement working point. The solid line is calculated exactly from Eq.(7) and the dashed line corresponds to an approximate analytical result, which enables us to derive information on the optimal measurement working point see Ref. [58] . The other parameters are ω = 1, ε = 0.01 and κ = δ.
where λ o is the working point with the maximum susceptibility. As comparison, for the dilated two-qubit system, an upper bound of the QFI for the parameter λ can be derived as K λ = 4N τ 2 ∼ N ε −1 ω −2 with τ π/4ω √ ε [58] . We stress that I(λ 0 ) ∼ K λ albeit the small success probabil-ity of the postselection measurement, implying that this particularly small sub-ensemble of all measurement outcomes, which reproduces the pseudo-Hermitian dynamics, is actually sufficient to achieve the QFI of the same order as the total system. Furthermore, our following analysis shows that, the pseudo-Hermitian qubit sensor can provide superior performance over conventional sensing method of Ramsey-type interferometry when considering realistic noise [54] . For each experiment run, we assume that the readout of the sensor system is accomplished by state-selective fluorescence [62] , where m 0 and m 1 photons are collected corresponding to the state |0 s and |1 s respectively. Without loss of generality, we assume that m 0 > m 1 . The optical readout thus maps the sensor system state into random variables n j = S(λ)N (m 0 , σ 2 ) + (1 − S(λ))N (m 1 , σ 2 ) + ξ j denoting the photon number in the j-th experiment run, where N (m s , σ 2 ) represents the Gaussian distribution with the mean value m s and the variance σ 2 . Apart from Gaussian noise, we also take into the other realistic noises in experiment, e.g. time-correlated background photons and device fluctuations, which is denoted by ξ j . Under these conditions, implementing an optimal estimator to achieve the Cramér-Rao bound would require detailed knowledge about noises, which is challenging for typical experiments [54] . More practically, we can choose an estimator aŝ S = (1/N ) j (n j − m 1 ) / (m 0 − m 1 ), treating each experiment run equally. With detailed analysis [58] , we find that the mean value is Ŝ = S(λ) and the variance is
where m = m 0 − m 1 defines the readout fluorescence contrast between the state |0 s and |1 s . In Eq.(10), the first and second terms result from shot noise and Gaussian noise respectively, both satisfying standard quantum limit. Whereas the last term leads to a constant value ξ 2 /m 2 independent of N for fully correlated background noises with ξ i ξ j = ξ 2 , which represents the inevitable noise that cannot be averaged out by repetitive measurements [53, 57] . Therefore, under the condition of γN 1, we obtain δS ξ/m. In Ramsey-type interferometry, the population signal can be written as d(λ) = (1 + cos(2λτ )) /2. Similar analysis allows us to obtain the corresponding variance as δd ξ/m when N 1. Based on the above analysis of susceptibility and noise, we can estimate the measurement sensitivity in the limit of large N repetitive experiment runs, which is quantified by the minimum parameter change that can be detected above the noise level, as follows
The Ramsey-type method yields δλ min ∼ ε, which indicates that our proposal offers enhanced sensitivity than the conventional Ramsey-type interferometry when there exists noise that is not dependent on the number of repetitive measurements [55, 56] .
Feasibility of experimental realizations.-The proposal can be realized in a number of physical settings, which requires the engineering of the dilated two-qubit Hamiltonian in Eq.(3). As an example, it can be implemented with trapped ions such as Yb 171 + ions in a linear radiofrequency Paul trap, where tunable spin-spin couplings have been realized using multiple transverse motional modes [62, 63] . Effective two-level spins are represented by |F = 1, m F = 0 and |F = 0, m F = 0 hyperfine ground states of Yb 171 + ions with frequency splitting ω 0 /2π ≈ 12.6GHz, whose coherence time can exceed 1s [62] . Spin-dependent forces excite virtual phonons which mediate the required interacting Hamiltonian between two ions H = B(I ⊗ σ x ) + J(σ y ⊗ σ y ). The parameters J/2π = 10kHz and B/2π ≤ 1kHz are achievable as reported in the experiments [63] , which lead to an interrogation time τ π/2J ≈ 25µs (well within the coherence time) for a single experiment run. We remark that the required Hamiltonian in Eq.(3) can also be realized in other physical systems, such as solid-state spin system in diamond and superconducting qubit system. In particular, the implementation of non-Hermitian dynamics based on Naimark dilation has been achieved using nitrogen-vacancy center in diamond by selective microwave pulses [52] and single-photon interferometric network [22] , which facilitates the experimental realization of the present proposal.
Conclusion & Outlook.-We present a strategy to realize pseudo-Hermitian sensing with a single-qubit probe by embedding it into a dilated two-qubit Hermitian system. The eigenstate coalescence leads to divergent susceptibility in the normalized state population of the pseudo-Hermitian probe system conditioned on the measurement outcome of the ancilla qubit. We illustrate the advantages of our sensing strategy under the influence of realistic noises in addition to the shot noise. The proof-of-principle experiment realization is feasible using trapped ions and solid-state spins among other physical systems. We emphasize that the eigenstate coalescence does not necessarily lead to degenerate eigenvalues, therefore our strategy does not rely on the existence of exceptional points [58] . Therefore, the proposal is expected to provide a new way to exploit non-Hermitian physics for quantum sensing and quantum metrology using qubit systems.
